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ISOMORPHIC-DILATIONS OF THE SKEW-FIELDS CONSTRUCTED
OVER PARALLEL LINES IN THE DESARGUES AFFINE PLANE
ORGEST ZAKA AND JAMES F. PETERS
Dedicated to David Hilbert and Girard Desargues
Abstract. This paper considers dilations and translations of lines in theDesargues
affineplane. A dilation of a line transforms each line into aparallel linewhose length
is a multiple of the length of the original line. In addition to the usual Playfair
axiom for parallel lines in an affine plane, further conditions are given for distinct
lines to be parallel in theDesargues affine plane. This paper introduces the dilation
of parallel lines in a finite Desargues affine plane that is a bijection of the lines. Two
main results are given in this paper, namely, each dilation in a finite Desarguesian
plane is an isomorphism between skew fields constructed over isomorphic lines
and each dilation in a finite Desarguesian plane occurs in a Pappian space.
1. Introduction
The foundations for the study of the connections between axiomatic geometry
and algebraic structures were set forth by Hilbert [7], recently elaborated and
extended in terms of the algebra of affine planes in, for example, [8], [3, §IX.3, p.
574](affine transformation of the plane transforms a lattice into a lattice) and in the
Desargues affine plane (see, e.g., [20, 21, 6, 18, 19, 4, 17]). Properties of geometric
structures such as adjacency andproximity [2, §III.XVIII, 193] [11, 12] are preserved
by affine transformations [1, §III.XVII, 130ff]. This paper focuses on the algebra
arising from dilatations and translations entirely in the Desargues affine plane.
In this paper, we consider dilatations and translations entirely in the Desargues
affine plane. We highlight the case when for a fixed point of dilatations it is not in
any of the lines on which we have constructed the skew-field (the case when the
fixed point is the point of the line wherewe constructed the skew-field is exhausted
in the paper [20]).
In previous work [21], we have shown how we can transform a line in the
Desargues affine plane into an additiveGroup of its points. We have also shown [6]
how to construct a skew-field with a set of points on a line in the Desargues affine
plane. In addition, for a line of in any Desargues affine plane, we construct a
skew-field with the points of this line, by appropriately defined addition and
multiplication of points in a line.
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The main result in this paper is that each dilation is an isomorphism between
skew fields constructed over isomorphic lines (see Theorem 3.3)..
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Figure 1. Parallel lines in Desargues Axiom: ℓAC ‖ ℓA′C′
2. Preliminaties
Let P be a nonempty space and let 2π be a collection of subsets of P (denoted
by L). The elements p of P are points and an element ℓ of L is a line. We write
P ∈ P and P ∈ ℓ, interchangeably. The geometric structure (P,L) is an affine plane,
provided
1o For each {P,Q} ∈ P, there is exactly one ℓ ∈ L such that {P,Q} ∈ ℓ.
2o For each P ∈ P, ℓ ∈ L,P < ℓ, there is exactly one ℓ′ ∈ L such that P ∈ ℓ′ and
ℓ ∩ ℓ′ = ∅ (Playfair Parallel Axiom [13]). Put another way, if P < ℓ, then there is
a unique line ℓ′ on Pmissing ℓ [14].
3o There is a 3-subset {P,Q,R} ∈ P, which is not a subset of any ℓ in the plane. Put
another way, there exist three non-collinear points P [14].
Desargues’ Axiom [8, §3.9, pp. 60-61] [15]. Let A,B,C,A′,B′,C′ ∈ P and let
pairwise distinct lines ℓk, ℓl, ℓm, ℓAC, ℓA′C′ ∈ L such that
ℓk ‖ ℓl ‖ ℓm and ℓA ‖ ℓA′ and ℓC ‖ ℓC′ .
A,B ∈ ℓAB,A
′B′ ∈ ℓA′B′ , and B,C ∈ ℓBC,B
′C′ ∈ ℓB′C′ .
A , C,A′ , C′, and ℓAB , ℓl, ℓBC , ℓl.
Then ℓAC ‖ ℓA′C′ . 
Example 2.1. The parallel lines ℓAC, ℓA′C′ ∈ L in Desargues’ Axiom are represented in
Fig. 1. In other words, the base of △ABC is parallel with the base of △A′B′C′, provided the
restrictions on the points and lines in Desargues’ Axiom are satisfied. 
A Desargues affine plane is an affine plane that satisfies Desargues’ Axiom.
An affine spaceP is a nonempty set endowedwith structure by the prescription
of a real vector space ~P together with an injective and transitive action of the
additive group of ~P on P. The vector space ~P is the translation space of P [10].
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Let P,P′ be a pair of affine spaces, with associated vector spaces ~P, ~P′. A
mapping f : P −→ P′ is affine [5], provided there is a linear mapping φ : ~P −→ ~P′
such that
f (P +~l) = f (P) + φ(~v) for all P ∈ P, ~v ∈ ~P.
b
b
b
P ~P
P
Q = f (P) + φ(~u)
R = f (P) + φ(~w)
~u(P) = P + ~u
~w(P) = P + ~w
Figure 2. Affine plane P 7−→ (associated vector space) ~P
Example 2.2. Let P ∈ P, ~u ∈ ~P, then ~u(P) = P + ~v. A sample affine mapping of P to ~P
with respect to the point P is shown in Fig. 2. 
A space (P,L) is Pappian, provided
Theorem 2.3. [Pappus].
Let P1,P2.P3,P4,P5,P6 ∈ P and
∣∣∣ℓP1P3 ∩ ℓP2P3 ∣∣∣ = 1, then ℓP3Q4 ‖ ℓP1P6
Every Desarguesian affine plane is isomorphic to a coordinate plane over a
field [16] and every finite field is commutative [9, §3, p. 351] . From this, we obtain
Theorem 2.4. [Tecklenburg] [16].
Every finite Desarguesian affine plane is Pappian.
3. Main Result: Dilations of Lines in a Finite Desarguesian Plan as
Isomorphisms of Skew-fields Constructed over the Lines
In this section, we will give the main result in this article.
Proposition 1. [18] For every two parallel lines ℓ1, ℓ2 ∈ L in Desargues affine plane,
exist a dilatation in this plane, δ : ℓ1 −→ ℓ2. This dilatation δ is a bijection of lines ℓ1 and
ℓ2.
Lemma 3.1. Each dilation, with a fixed point, in a finite Desargues affine planeAD =
(P,L,I) is an isomorphism’s between skew-fields constructed over isomorphic lines ℓ1, ℓ2 ∈
L of that plane.
Proof. Consider a dilatation δwith a fixedpointV in a finite Desargues affine plane.
The case when this dilatation leads us to a line in itself is covered in [20], where
the fixed point for dilatation is on the lines.
Consider a dilation δ : ℓ1 −→ ℓ2 and a fixed point V related to dilatation δ of the
Desargues affine plane such thatV < ℓ1 and V < ℓ2. From properties of dilatations,
we know that δ (ℓ1) = ℓ2 ‖ ℓ1. We mark K1 = (ℓ1,+, ∗) the skew-field constructed
over the line ℓ1 and K2 = (ℓ2,+, ∗) the skew-field constructed over the line ℓ2.
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From Prop. 1, we have that δ : ℓ1 −→ ℓ2 is a bijection. Now we see dilation δ as
a function δ : K1 = (ℓ1,+, ∗) −→ K2 = (ℓ2,+, ∗) namely, as a function δ : K1 −→ K2.
Let’s show that δ is an isomorphism of these two skew-fields. The dilation δ is
a bijection of lines ℓ1 and ℓ2. Let us prove that δ, is a homomorphism between the
skew-fields K1 and K2, so we have to show that:
∀A,C ∈ ℓ1,
1.δ (A + C) = δ (A) + δ (C) .
2.δ (A ∗ C) = δ (A) ∗ δ (C) .
Case.1.. For points A,C ∈ ℓ1, have δ (A) , δ (C) ∈ ℓ2.We show firstly that:
δ (A + C) = δ (A) + δ (C) .
During the construction of the skew-field over a line of Desargues affine plane, we
choose two points (each affine plan has at least two points), which wewrite with O
and I and call them zero and one respectively, these points play the role of unitary
elements regarding the twoactions addition andmultiplication respectively. In our
case, the role of zero is the fixed point O. From the addition algorithm (Algorithm
1 in [21] and [6]) we have:
∀A,C ∈ ℓ1,

Step.1.∃B < OI
Step.2.ℓBOI ∩ ℓ
A
OB
= D
Step.3.ℓDCB ∩OI = E

⇐⇒ A + C = E.
From the construction of the A + C point, we have that:
ℓOB ‖ ℓAD; ℓBC ‖ ℓD(A+C),
and
O,A,C,A + C ∈ ℓ1;B,D ∈ ℓ
B
AC.
Hence,
(1) D(A + C) ‖ BC.
We take now the dilatation δ. Mark δ(O) = O”, δ(A) = A”, δ(C) = C”, δ(B) = B”
we also have that δ(V) = V (see Fig. 3).
By dilation properties (see [18]), we have that:
O” ∈ ℓOV ,B” ∈ ℓVB,C” ∈ ℓVC,A” ∈ ℓVA,
also from the definition of dilation (see [18]), we have that:
OB ‖ δ(O)δ(B) = O”B”;BC ‖ δ(B)δ(C) = B”C”.
Calculate now δ(A)+ δ(C) according to the addition algorithm (see [21] and [6]).
During addition of points A and C we chose the point B < ℓ1, here we choose the
point δ(B) = B” < ℓ2 (we do this for ease of proof, as in [21], we have shown that
the choice of auxiliary point B, or in our case δ(B) = B” is arbitrary), by applying
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Figure 3. The addition of two points in a line of Desargues affine
plane under Dilation: δ(A + C) = δ(A) + δ(C).
the addition algorithm we have:
∀δ(A), δ(C) ∈ ℓ2,

Step.1.∃B” < ℓ2
Step.2.ℓB”ℓ2 ∩ ℓ
A”
O”B”
= D”
Step.3.ℓD”C”B” ∩ ℓ2 = E”

⇐⇒ A” + C” = E”.
From this we have:
A” + C” ∈ ℓD”
B”C”
= ℓD”
D(A+C)
A” + C” ∈ ℓ2
}
=⇒ A” + C” = ℓD”D(A+C) ∩ ℓ2
=⇒ δ (A) + δ (C) = ℓD”D(A+C) ∩ ℓ2.
On the other hand, we have
δ : ℓ1 → ℓ2 and
D 7→ D” = δ (D)
A + C 7→ δ (A + C)
}
=⇒ D(A + C) ‖ D”δ (A + C) = δ (D) δ (A + C) .
From this result, have that
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δ (A + C) ∈ ℓD”
D(A+C)
δ (D) , δ (A + C) ∈ ℓ2
}
⇒ δ (A + C) = ℓD”D(A+C) ∩ ℓ2 = A” + C” = δ (A) + δ (C) .
Hence, we achieve the required result, namely,
δ (A + C) = δ (A) + δ (C) .
This proof can also be made in the three-vertexes language (see [19])
From the above constructions and results, we have a similarity between the two
three-vertexes
(O,C,B) ∼ (O”,C”,B”),
we also have the similarity of
(A,A + C,D) ∼ (A”,A” + C”,D”).
But from the similarity of the three-vertexes in the Desargues affine plane, we
also have:
(A,A + C,D) ∼ (A”, δ (A + C) ,D”)
or in other words
(A,A + C,D) ∼ (δ (A) , δ (A + C) , δ (D)),
from these we have
(A”,A” + C”,D”) ∼ (A”, δ (A + C) ,D”).
Since these two similar three-vertexes have the same two vertices then the third
vertice it will be the same, thus
A” + C” = δ (A + C) =⇒ δ (A + C) = δ (A) + δ (C)
In parallelograms language, we would say from the above parallels that:
(O,A,D,B) ∼ (O”,A”,D”,B”)
and
(C,A + C,D,B) ∼ (δ (C) , δ (A + C) , δ (D) , δ (B)) = (C”, δ (A + C) ,D”,B”)
But on the other hand, from the above parallelisms and from the addition of
points A” and C” we would have the similarity of the parallelograms:
(C,A + C,D,B) ∼ (C”,A” + C”,D”,B”),
since the similarity of the n-vertexes in the Desargues affine plane is the relation
of equivalence (see [19]) (such would be and for parallelograms), we have:
(C”, δ (A + C) ,D”,B”) ∼ (C”,A” + C”,D”,B”).
or, equally
(δ (C) , δ (A + C) , δ (D) , δ (B)) ∼ (δ (C) , δ (A) + δ (C) , δ (D) , δ (B)).
Since these two parallel parallelograms have three equal vertices they would be
equal, then the fourth vertices would coincide, thus
(C”, δ (A + C) ,D”,B”) = (C”,A” + C”,D”,B”) =⇒ δ (A + C) = δ (A) + δ (C) .
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Case.2.We see now that stands for multiplication properties:
δ (A ∗ C) = δ (A) ∗ δ (C)
During the multiplication of points A and C, we choose a point I (necessarily
different from the point O that we have assigned in the role of the element ’zero’.
We do this freely, as each line in affine plan having at least 2-points) in the role of
”one” (see Fig. 2), the dilatation δ gives us the point I in point δ(I) = I”, then from
point A we construct the line ℓE
BC
and thus determine multiplication as well:
(2) A ∗ C = ℓEBC ∩ ℓ1.
V
O
O′′ = δ(O)
I A C
I′′ = δ(I) A′′ = δ(A) C′′ = δ(C)
B
B′′ = δ(B)
E
E′′ = δ(E)
ℓ1
ℓ2 = δ(ℓ1)
ℓOB
δ(ℓOB) = ℓO
′′B′
A ∗ C
δ(A ∗ C)
δ(A) ∗ δ(C)
b
b
bbb
b b b
b
b
b
b b b
b
b
b
b
b
b
b
Figure 4. The multiplication of two points in a line of the Desar-
gues affine plane under Dilatation: δ(A ∗ C) = δ(A) ∗ δ(C)
By dilation properties have
O” ∈ ℓVO, I” ∈ ℓVI ,C” ∈ ℓVC,A” ∈ ℓVA,B” ∈ ℓVB,
also for these points we have:
O”,A”,C” ∈ ℓ2 = δ (ℓ1) and B” ∈ δ (OB) .
Also by definition and dilation properties (see [6]), we have:
OB ‖ δ (O) δ (B) = O”B”,BC ‖ δ (B) δ (C) = B”C”, IB ‖ δ (I) δ (B) = I”B”
Calculate now A” ∗C”according to multiplication Algorithm (see [21],[6]). Dur-
ing the multiplication of points A and C we chose, as auxiliary points, the point
B < ℓ1, here we choose the point B” = δ (B) < ℓ2 (we do this for ease of proof, as
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in [21], we have shown that the choice of auxiliary point B, or in our case δ(B) is
arbitrary), by applying the multiplication algorithm we have:
∀A” = δ (A) ,C” = δ (C) ∈ ℓ2,

Step.1.∃B” < ℓ2
Step.2.ℓA”
I”B”
∩O”B” = E”
Step.3.ℓE”
B”C”
∩ ℓ2 = F”

⇐⇒ A” ∗ C” = F”.
Nowmultiply by Algorithm 2 of the multiplication definition (see [6]) to obtain
A” = δ (A) ,C” = δ (C) ∈ ℓ2.
FrompointA” construct the line ℓA”
I”B”
but since IB ‖ I”B”, we have that ℓA”
I”B”
= ℓA”IB
and ℓA”
I”B”
∩ ℓO”B” = E”, we have
A”E” ‖ I”B” ‖ IB ‖ AE =⇒ A”E” ‖ AE.
Now from point E” construct the line ℓE”
B”C”
, by the definition of multiplication,
we have that:
E”(A” ∗ C”) ‖ B”C”,
but [
B”C” ‖ BC
BC ‖ E(A ∗ C)
]
=⇒ E”(A” ∗ C”) ‖ E(A ∗ C).
See now δ (E) , by dilatation properties have:
δ (ℓ1) = ℓ2, δ (OB) = O”B”,
we consider two three-vertexes (O,A,E) and (O”,A”,E”), have a similarity of
these two three-vertexes, because:
AE ‖ A”E”,
OA ‖ O”A”(ℓ1 ‖ ℓ2),
OE ‖ O”E”
(E” ∈ O”B”,E ∈ OB,OB ‖ O”B”)

=⇒ (O,A,E) ∼ (O”,A”,E”)
Mark with E′′′ = δ (E) , by dilatation properties and from the above parallels,
and we have that,
AE ‖ A”E′′′ = A”δ (E)⇒ δ (E) ∈ ℓA”AE = ℓ
A”
A”E” ⇒ δ (E) ∈ ℓ
A”
A”E”
but
δ (E) ∈ O”B”⇒ δ (E) = ℓA”A”E” ∩O”B” = E”⇒ E” = E
′′′
Or with three-vertexes similarities
OA ‖ O”A”,OE ‖ O”E′′′ =⇒ (O,A,E) ∼ (O”,A”,E′′′),
since similarity, in the Desargues affine plane, is a equivalence relation, have
that:
(O”,A”,E”) ∼ (O”,A”,E′′′) =⇒ E” = E′′′ =⇒ E” = δ (E) .
so, by
E”(A” ∗ C”) ‖ E(A ∗ C)⇒ E(A ∗ C) ‖ δ (E) [δ (A) ∗ δ (C)]
⇒ δ (A) ∗ δ (C) = ℓδ(E)
δ(B)δ(C)
∩ ℓ2 = ℓ
δ(E)
E(A∗C)
∩ ℓ2.
See now, two three-vertexes (A,E,A ∗ C) and (A”,E”, δ (A ∗ C)), from above we
have similarity
(A,E,A ∗ C) ∼ (A”,E”,A” ∗ C”).
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From dilation properties, have that:
A” ∈ ℓVA,E” ∈ ℓVE, δ (A ∗ C) ∈ ℓV(A∗C)
and
AE ‖ A”E”,A (A ∗ C) ‖ A”δ (A ∗ C) =⇒ δ (A ∗ C) ∈ ℓ2,
E (A ∗ C) ‖ E”δ (A ∗ C) =⇒ δ (A ∗ C) ∈ ℓE”E(A∗C)
Thus,
δ (A ∗ C) = ℓE”E(A∗C) ∩ ℓ2 = δ (A) ∗ δ (C) ,
so we proved that:
δ (A ∗ C) = δ (A) ∗ δ (C) .

Lemma 3.2. Each translation (dilatation which is different from idP and has no fixed
point) in a finite Desargues affine plane AD = (P,L,I) is an isomorphism’s between
skew-fields constructed over isomorphic lines ℓ1, ℓ2 ∈ L, of that plane.
Proof. Consider a translation ϕ (different from idP and there is no fixed points )
in the Desargues affine plane. The case when this translation leads us to a line in
itself (the translation has a direction according to line ℓ ), we have dealt with [20].
Consider a translation ϕ : ℓ1 −→ ℓ2 in the Desargues affine plane. From prop-
erties of translations, know that ϕ (ℓ1) = ℓ2 ‖ ℓ1. This translation has a different
direction from that of the lines ℓ1, ℓ2 which belong to the same equivalence class,
according to the parallelism.
We mark K1 = (ℓ1,+, ∗) the skew-field constructed over the line ℓ1 and K2 =
(ℓ2,+, ∗) the skew-field constructed over the line ℓ2 same way as in Lemma 3.1.
From Prop. 1, we have that ϕ : ℓ1 −→ ℓ2 is a bijection. Now we see this
translations ϕ as a function ϕ : K1 = (ℓ1,+, ∗) −→ K2 = (ℓ2,+, ∗) namely, as a
function ϕ : K1 −→ K2. Next, we show that ϕ is an isomorphism of these two
skew-fields. The translation ϕ is a bijection of lines ℓ1 and ℓ2. Let us prove that ϕ,
is a homomorphism between the skew-fields K1 and K2, so we have to show that
∀A,C ∈ ℓ1,
1.ϕ (A + C) = ϕ (A) + ϕ (C)
2.ϕ (A ∗ C) = δ (A) ∗ ϕ (C)
Case 1 For points A,C ∈ ℓ1, we have ϕ (A) , ϕ (C) ∈ ℓ2.We show first that:
ϕ (A + C) = ϕ (A) + ϕ (C) .
During the construction of the skew-field over a line on the Desargues affine
plane, we choose two points (each affine plan has at least two points) which we
write with O and I and call them zero and one respectively, these points play the
role of unitary elements regarding the two actions addition and multiplication
respectively. In our case, the role of zero is the fixed point O. From the addition
algorithm (Algorithm 1 in [21] and [6]) we have:
∀A,C ∈ ℓ1,

Step.1.∃B < OI
Step.2.ℓBOI ∩ ℓ
A
OB
= D
Step.3.ℓDCB ∩OI = E

⇐⇒ A + C = E
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From the construction of the A + C point, we have that:
ℓOB ‖ ℓAD; ℓBC ‖ ℓD(A+C);
and
O,A,C,A + C ∈ ℓ1;B,D ∈ ℓ
B
AC = ℓ
B
ℓ1
,
Hence,
D(A + C) ‖ BC.
We take now the translation ϕ.
ϕ(O) = O′, ϕ(A) = A′, ϕ(C) = C′, ϕ(B) = B′.
and we have that
A′ + C′ = ϕ(A) + ϕ(C)
O A C A + C
B D
B′ D′
O′ A′ C′
A′ + C′ = ϕ(A) + ϕ(C)
ϕ(A + C)
ℓ1
ℓB
AC
ℓB
′
A′C′
= ℓB
′
AC
ℓ2 = ϕ(ℓ1)
ϕ ϕ
ϕϕ
ϕ
ϕ
b b b
b
b
b
b
b
b b b
b
b
b
b
b
Figure 5. The addition of two points in a line of Desargues affine
plane under Translation: ϕ(A + C) = ϕ(A) + ϕ(C)
From the additions of points A and C in line ℓ1, we have that, the ordered
quadruplet (O,A,D,B) and (C,A + C,D,B) are parallelograms (see Fig. 5).
From the translation properties described at [18], we have that
OB ‖ ϕ (O)ϕ (B) = O′B′,BC ‖ ϕ (B)ϕ (C) = B′C′,
ϕ (O) , ϕ (A) , ϕ (C) , ϕ(A + C) ∈ ℓ2.
For more
ϕ (D) ∈ ℓB
′
ℓ2
= ℓB
′
ℓ1
,
and have that the following ordered quadruplet are parallelograms:
(O,B,B′,O′); (O,A,A′,O′); (B,C,C′,B′); (A,C,C′,A′);
(A,D, ϕ (D) ,A′); (A,A + C, ϕ(A + C), ϕ (D)); (D,A + C, ϕ(A + C), ϕ (D)).
ISOMORPHISMS-DILATIONS OF THE SKEW-FIELDS 11
Now calculate the addition of points A′ = ϕ (A) and C′ = ϕ (C). From the
addition algorithm (Algorithm 1 in [21] and [6]), we have:
∀A′,C′ ∈ ℓ2,

Step.1.∃B′ = ϕ (B) < ℓ2
Step.2.ℓB
′
ℓ2
∩ ℓA
′
O′B′
= D′
Step.3.ℓD
′
B′C′ ∩ ℓ2 = E

⇐⇒ A′ + C′ = E
From the construction of the A′ + C′ point, we have that:
ℓO
′B′ ‖ ℓA
′D′ ; ℓB
′C′ ‖ ℓD
′(A′+C′);
and
D′ ∈ ℓB
′
ℓ2
= ℓB
′
ℓ1
and
D′ ∈ ℓA
′
O′B′ = ℓ
A′
OB = ℓ
A′
AD = ℓ
ϕ(A)
AD
⇒ D′ = ϕ (D) ,
and also
O′,A′,C′,A′ + C′ ∈ ℓ2;B
′,D′ ∈ ℓB
′
ℓ2
= ℓB
′
ℓ1
,
therefore
(3) D′(A′ + C′) ‖ BC,
but BC ‖ D(A + C), then
D(A + C) ‖ D′(A′ + C′).
Fromherehave that, theorderedquadruplet, (O′,A′,D′,B′) and (C′,A′ + C′,D′,B′)
are parallelograms:
From the Desargues axiom (see [21],[6]) and from the above parallelograms,
concretely from the parallelograms:(
A,A + C, ϕ (A + C) ,A′
)
and (A,D,D′,A′) ,
have that, the ordered quadruplet(
D,A + C, ϕ (A + C) ,D′
)
− is Parallelogram.
From here have that:
D(A + C) ‖ D′ϕ (A + C)
adding the fact that
A′ + C′ = ϕ(A) + ϕ(C) ∈ ℓ2
and
ϕ (A + C) ∈ ℓ2,
we have that
ϕ (A + C) = ϕ(A) + ϕ(C).
Case2 We see now that stands for multiplication properties:
ϕ (A ∗ C) = ϕ (A) ∗ ϕ (C)
During the multiplication of points A and C, we choose a point I (necessarily
different from the point O that we have assigned in the role of the element ’zero’.
We do this freely, as each line in affine plan having at least 2-points) in the role of
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”one” (see Fig. 6), the translationϕ gives us the point I in pointϕ(I) = I′, according
to the multiplication algorithm, for points A,C ∈ ℓ1, we have
∀A,C ∈ ℓ1,

Step.1.∃B < ℓ1
Step.2.ℓA
IB”
∩OB = D
Step.3.ℓD
BC
∩ ℓ1 = E

⇐⇒ A ∗ C = E.
From this we have parallelisms
IB ‖ AD,BC ‖ D(A ∗ C),
and A ∗ C ∈ ℓ1 (see Fig. 6).
O I A C A ∗ C
O′ I′ A′ C′ ϕ(A ∗ C)
B′
D′
B
D
ℓOB
ℓ1
ℓ2 = ϕ(ℓ1)
A′ ∗ C′ = ϕ(A) ∗ ϕ(B)
ℓO
′B′
ϕ
b b b b
b
b
b
b b b b
b
b
b
Figure 6. The multiplication of two points in a line on the Desar-
gues affine plane under Translation: ϕ(A ∗ C) = ϕ(A) ∗ ϕ(C)
By translation properties have:
O′ ∈ ℓ2, I
′ ∈ ℓ2,C
′ ∈ ℓ2,A
′ ∈ ℓ2, ϕ (A ∗ C) ∈ ℓ2
also for these points we have:
OO′ ‖ II′ ‖ AA′ ‖ CC′ ‖ (A ∗ C)ϕ (A ∗ C) .
Calculate nowA′∗C′ according tomultiplicationAlgorithm (see [21],[6]). During
the multiplication of points A and Cwe chose, as auxiliary points, the point B < ℓ1,
here we choose the point B′ = ϕ (B) < ℓ2 (we do this for ease of proof, as in [21], we
have shown that the choice of auxiliary point B, or in our case ϕ(B) is arbitrary),
by applying the multiplication algorithm we have:
∀A′ = ϕ (A) ,C′ = ϕ (C) ∈ ℓ2,

Step.1.∃B′ = ϕ (B) < ℓ2
Step.2.ℓA
′
I′B′
∩O′B′ = D′
Step.3.ℓD
′
B′C′
∩ ℓ2 = E′

⇐⇒ A′ ∗ C′ = E′.
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From this we have parallelisms
I′B′ ‖ A′D′,B′C′ ‖ D′(A′ ∗ C′),
but from above, we have that
IB ‖ I′B′,AD ‖ A′D′,BC ‖ B′C′,
then
D′ ∈ ℓA
′
I′B′ = ℓ
A′
IB = ℓ
A′
AD,
also
D′ ∈ O′B′ = ϕ(OB) = ℓϕ(O)ϕ(B).
Then we have the ordered quadruplet
(B,D,D′,B′) − is Parallelogram,
but by the translation, we have
(B,D, ϕ (D) , ϕ (B)) = (B,D, ϕ (D) ,B′) − is a Parallelogram.
So we have two similar parallelogams that have the three same points. Conse-
quently, these two parallelograms will be the same, —em i.e.,
(B,D,D′,B′) = (B,D, ϕ (D) ,B′).
Hence,
D′ = ϕ (D) .
Thus
A′ ∗ C′ ∈ ℓ2
and
A′ ∗ C′ ∈ ℓD
′
B′C′ = ℓ
D′
BC = ℓ
ϕ(D)
D(A∗C)
,
implies
A′ ∗ C′ = ℓ
ϕ(D)
D(A∗C)
∩ ℓ2.
From the definition and the properties of translation, we also have,
A ∗ C ∈ ℓ1 ⇒ ϕ (A ∗ C) ∈ ℓ2,
So, we have that the ordered quadruplet
(D,A ∗ C, ϕ (A ∗ C) ,D′) − is Parallelogram,
andwe also have (from construction of the pointsA′ ∗C′) the ordered quadruplet
(D,A ∗ C,A′ ∗ C′,D′) = (D,A ∗ C,A′ ∗ C′, ϕ (D)) − is Parallelogram.
and
ϕ (A ∗ C) ∈ ℓ
ϕ(D)
D(A∗C)
⇒
ϕ (A ∗ C) = ℓ
ϕ(D)
D(A∗C)
∩ ℓ2
= A′ ∗ C′
= ϕ (A) ∗ ϕ (C) .
Hence, we obtain the desired result, namely,
ϕ (A ∗ C) = ϕ (A) ∗ ϕ (C) .
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
From Lemma 3.1 and Lemma 3.2, we obtain the main result, namely,
Theorem 3.3. Each dilatation in a finite Desargues affine planeAD = (P,L,I) is an
isomorphism’s between skew-fields constructed over isomorphic lines ℓ1, ℓ2 ∈ L, of that
plane.
Theorem 3.4. Each dilatation in a finite Desargues affine planeAD = (P,L,I) occurs
in a Pappian space.
Proof. Immediate from Theorem 2.4. 
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